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RESPONSE OF CIRCULAR PLATES
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Abstract-An analysis is presented for the response of a clamped circular plate subjected to a rectangular
pulse uniformly distributed over a central circular area. The plate is rigid-perfectly plastic with yielding
according to the Johansen criterion and the associated flow rule. Bending is assumed to be the predominant
response. Simple formulas are obtained for the permanent central deflection for all pressures and loaded
areas.

NOTATION
a radius of loaded area
m areal mass of plate
p pressure

Pd rectangular pulse pressure
p, plate static collapse pressure
, radial coordinate

'0 radius of inner hinge circle'0 initial radius of inner hinge circle
't radius of outer hinge circle't initial radius of outer hinge circle
I time

10 time when outer hinge reaches support before 'I =O.
Ib time when inner hinge reaches center before '0 =R

lab time when inner hinge reaches center after '0 = R
Ibo time when outer hinge reaches support after 'I =0
Id rectangular pulse duration
If duration of motion
w plate deflection

M, radial bending moment
M, circumferential bending moment
Mp fully plastic moment
Q shear force
R plate radius
V plate central velocity

V d• Va. Vb' Vab• Vba plate central velocities at times Id• 10 , lb. lab' Iba
W plate central deflection

Wd• Wa• Wb• Wab• Wba plate central deflections at times Id• 10 , lb. lab' Iba
~ plate final central deflection

a = aiR loaded area parameter
a= 1/4 13 mechanism partitioning value of a

K, radial curvature
K, circumferential curvature

A =p,}p, pressure parameter
AlA' AlB. A2A • A2B mechanism range functions of a

P= r/R dimensionless radial coordinate
Po = '01R radius of inner hinge circle
Po = '01R initial radius of inner hinge circle
PI = "IR radius of outer hinge circle
PI = 'IIR initial radius of outer hinge circle

Po =PoUa) radius of inner hinge ~ircle at time 1
0

Pb = PIUb ) radius of outer hinge circle at time I~.

I. INTRODUCTION

The problem treated herein is the response of a clamped circular plate subjected to a
rectangular pressure pulse uniformly distributed over a central circular area, as shown in Fig. l.
The pulse is assumed to produce plastic deformations large enough to neglect elastic defor-
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Fig. I. Circular plate problem.

mations but small enough to neglect plastic membrane resistance. The plate material of interest
is reinforced concrete so yielding is assumed to be governed by the Johansen criterion and the
associated flow rule (Fig. 2). For simplicity, the analytical treatment is restricted to isotropic
slabs with top and bottom steel reinforcement arranged to provide the same yield moment
magnitude for positive and negative curvature changes.

A consequence of the assumed rigid-perfectly plastic behavior is that the deformation
modes may be considered as simple mechanisms governed, in general, by two yield or hinge
circles. Moreover, the hinge circles are stationary while the constant pressure is being applied.
When the pressure is removed, the inner hinge circle moves toward the plate center while the
other hinge circle moves toward the support. The final phase of deformation occurs in the static
collapse mode.

The principal results of the analysis are explicit simple formulas for permanent central
deflection in terms of pressure, pulse duration, loaded area radius, and plate properties (radius,
areal density, yield moment). Convenient dimensionless forms of these formulas are given in
terms of only two parameters, a pressure parameter A= p,JPs and an area parameter a = aIR.
In these parametric expressions, Pd is the pressure applied uniformly over a central circular
area of radius a, and Ps is the static collapse pressure acting on the same circular area of a
clamped circular plate of radius R.

Hopkins(l] has presented central deflection and motion duration results for simply sup
ported and clamped circular plates subjected to impulsive loading uniformly distributed over
the entire area, and has compared results for Johansen and Tresca yield criteria. Cox and
Morland [2] have presented an analysis of a simply supported square plate subjected to a
rectangular pressure pulse uniformly distributed over the entire area, employing the Johansen
yield criterion and associated flow rule.
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Fig. 2. Johansen's Yield criterion.
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The problem treated here is similar to that of Ref. [3], where the response of a metal plate
obeying the Tresca yield criterion and associated flow rule was obtained. Similar deformation
mechanisms occur here but with simpler velocity fields and moment distributions because the
mechanisms are associated with only one side of the Johansen yield square (AB in Fig. 2),
whereas in Ref. [3] the mechanisms are associated with two sides of the Tresca yield hexagon.

2. DEFORMATION MECHANISMS

Figure 3 shows the postulated mechanisms that form immediately after the pressure is
applied, when the dimensionless radius a of the loaded circle lies in the range ci Sa S 1. Figure
4 shows the initial mechanisms for the smaller loaded areas, with a in the range 0 < a S a.The
dividing radius, ci = 0.63, and the ranges for the loading parameter, A, which determine which of
the initial mechanisms 3, 2A, 2B and 1 is excited, are determined by the analysis and are shown
in Fig. 5. As indicated in Figs. 3 and 4, the mechanisms are based on the use of plastic regimes
A, AB and B of Fig. 2. The flow rule associated with the line AB requires no change of the
radial component of curvature. Consequently, the velocity field has the spatially linear form

w(r, t) = f(t)r +g(t) (1)

where w is the plate deflection and a dot denotes time differentiation. Hinge circles are
represented by the corner regimes A and B in Fig. 2.

The deformation process can be described according to the initial mechanism that is excited.

(a) Mechanism 3
When sufficiently high pressures are applied, initial deformation occurs by Mechanism 3,

shown in Figs. 3(a) and 4(a). The plate is partitioned into three regions by two hinge circles that
are stationary while the constant pressure is acting. The central circular region within the inner
hinge circle fo moves as a rigid body while the outer annular region between the outer hinge f.
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Fig. 3. Initial mechanisms (a > a).
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Fig. 4. Initial mechanisms (a < a).
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Fig. 5. Initial mechanism diagram,

and the support remains at rest. The annular region between the two hinge circles deforms into
a conical shape, in accordance with the spatially linear velocity field(l). The velocity field
meeting this physical description is

w=l~ ~J-~
'j- '0

o

(2)

where V = V(t} is the central plate velocity. At the hinge circles ro and rj, the radial
components of the bending moment are M, = Mp and M, = - Mp , where Mp is the fully plastic
moment per unit arc length, corresponding to plastic regimes A and B. In the region to $ r $ rj,
the radial moment lies in the range Mp $ Mr $ Mp , corresponding to the regime AB. Also, the
circumferential bending moment is MB = Mp throughout.

Upon removal of the pressure at time td (Fig. lb), the inner hinge circle contracts to the
plate center and the outer hinge circle expands to the support; the constant radii ro and r, in (2)
are replaced by functions ro(t) and r,(t}. The analysis shows (Section 3) that for the spatial
loading condition a > a, the outer hinge circle reaches the support before the inner hinge circle
reaches the center, whereupon deformation continues by Mechanism 2A [Fig. 3(b) but with a
moving hinge circle ro(t)]. The order of arrival is reversed for the loading condition a > a and
deformation continues by Mechanism 2B [Fig. 4(b) but with a moving hinge circle ,,(t)]. After
ro = 0 and rj = R, the remaining deformation occurs by Mechanism 1 (Figs. 3c and 4c).
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For the analysis, pressures are called high when they initiate deformation by Mechanism 3.
High pressures are such that A> A2A for a > ci and A> A2B for a < ci, where A2A and A2B' shown in
Fig. 5, are determined in the analysis.

(b) Mechanism 2A
When medium pressures- are applied over an area with a > ci, initial deformation occurs by

Mechanism 2A (Fig. 3b), which is a special case of Mechanism 3 because the outer hinge circle
is already at the support. The velocity field is (2) with f l :: R, that is,

w::{V R-rv-
R-fo

Os rS fo

foS rs R. (3)

Upon removal of the pressure, the hinge circle ro:: ro(t) contracts to the plate center, and
deformation is completed by Mechanism 1.

For the spatial loading condition a > ci, pressures are called medium when they initiate
deformation by Mechanism 2A. Medium pressures are such that A2A > A> AIAfor a > ci, where A2A
and AlA, shown in Fig. 5, are determined in the analysis.

(c) Mechanism 2B
For medium pressures over an area with a < ci, initial deformation occurs by Mechanism 2B

(Fig. 4b), which is a special case of Mechanism 3 because the inner hinge is already at the
center. The velocity field is (2) with fo= 0, that is,

(4)

Upon removal of the pressure, the hinge circle rl(t) expands to the support, and deformation is
completed by Mechanism 1.

For the spatial loading condition a < ti, pressures are called medium when they initiate
deformation by Mechanism 2B. Medium pressures are such that A2B > A> AlB for a < ti, where A2B
and AlB, as shown in Fig. 5, are determined in the analysis.

(d) Mechanism 1
When low pressures are applied, initial deformation occurs by Mechanism 1 (Figs. 3c and

4c), which is a special case of Mechanism 3 because the inner and outer hinge circles are
already at the center and support. The velocity field is (2) with fo:: 0 and f l = R, that is,

Os rsR. (5)

Pressures are called low when they initiate deformation by Mechanism 1. Low pressures are
such that AlA> A< 1 for a> ci and AlB> A> 1 for a < a, where AlA and AlB, shown in Fig. 5,
are determined in the analysis.

For brevity, the analysis is presented in outline form and is confined to the most general
case of high pressure. Results are presented only for the medium- and low-pressure cases. By
considering a general pulse shape uniformly distributed over a central circular area, it is shown
in the Appendix that a constant pressure produces stationary hinge circles.

3. SOLUTION FOR HIGH PRESSURES

With the aid of Fig. 6 the equations of translational and rotational motion,

(6)
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Fig. 6. Plate element with forces and moments.

o
or (rM,)- Me + rQ = 0, (7)

for a plate element can readily be derived (rotatory inertia neglected), where m is the mass per
unit area. Equations (6) and (7) may be combined by eliminating the shear force Q to give

iJ i'( 02
W

)-(rM)==M - p-m- r'dr'
or ' p 0 at2 (8)

where the yield condition requirement Me == Mp throughout the plate has been used. In carrying
out the spatial integrations, the moment condition, Mp 2!: M, 2!: - Mp, between hinge circles
(equality at inner and outer circles) is used; also, before the hinge circles reach their terminal
positions at the center and support, M, == Mp inside the inner circle and M, == - Mp outside the
outer circle.

Before solving the dynamic problem, the static collapse pressure, Ps, is obtained by
integrating (8) without the inertial term. Static collapse occurs by Mechanism 1, which has the
velocity field (5). Integration of (8), with the foregoing moment distribution applied to Me
chanism 1, leads to

(9)

(a) Phase 1-p =Pd, 0 S t s td
During this constant pressure loading phase, the velocity field is given by (2) where the hinge

locations To and '\ are constant. Substitution of (2) in (8), spatial integration, and substitution of
the radial moment conditions give

(10)

and

(11)

where the dimensionless radial coordinate p == rfR has been introduced and a has been simply
defined by a= 1/41/3::::: 0.63. Eqns (10) and (11) determine the locations of the fixed hinge circles for
given loading pressure and area parameters A and a. The operations also give the plate central
velocity and deflection, which, at time td, are

(12)

(b) Phase 2-p = 0, t> td
Removal of the pressure sets the hinge circles in motion and the velocity becomes
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V Osrsro(t)

w= V rl-r
ro(l) s r s 'I(t).rl- rO

0 rl(t)S rsR
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(13)

Integration of (8) with velocity distribution (13), and the radial moment conditions give the pair
of ordinary differential equations

(14)

and

(15)

for governing the motion of the hinge circles. Integration of (14) and (15) with initial conditions
(10) and (11) at time td gives

(16)

and

(17)

Mechanism 3ends when the outer hinge circle reaches the support or when the inner hinge circle
reaches the center, that is, when PI = 1 or Po = O. When PI = I, eqn (17) becomes

(18)

and it is seen that Po~ 0 only if a ~ a. Hence, the outer hinge circle reaches the support before
the inner hinge reaches the center if the radius of the loaded area is such that a > a. When
Po = O. eqn (17) becomes

PI =ala, (19)

so PI S 1 only if a s a. Hence, the inner hinge circle reaches the center before the outer hinge
circle reaches the support if the radius of the loaded area is such that a < a.

These two cases, a > a and a < a, are treated below.

(c) Phase 2A-p = 0, t> ta, a > a
When a > a, let the time of arrival of the outer hinge circle at the support be tao so that

PI(ta) = I and Po(ta) = Pa > O. At time tao eqns (16) and (17) become

(20)

and

(21)

which determine the time of arrival ta and the initial position Pa of the remaining mobile hinge
circle for subsequent deformation by Mechanism 2A. For t > tao the velocity field is

'o(t)s rs R.
(22)
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Integration of (8) with velocity distribution (22) leads to

(23)

Integration of (23) with initial conditions (20) and (21) leads to

(24)

where tab is the time at which the hinge arrives at the center, that is, PO(tab) = O. Because the
central region of plate within the contracting hinge circle is moving at constant velocity Vd

during this phase of deformation, the deflection at time tab is, by eqns (12) and (24),

(25)

(d) Phase 3-p = 0, t < tab, a> a
The remaining deformation occurs by Mechanism I, which has the velocity field of (5).

Integration of (8) with velocity distribution (5) gives duration of motion tf and the final central
deflection Wf in the form

(26l

and

where V(tf) =0 and Vab = V(tab) = Yd. Thus, substitution of (25), (26), (24), and (12) for Wab• tf'

tab and Vd in (27) gives the final central deflection

(28)

(e) Phase 2B-p = 0, t> tb, a < a
Turning now to the case where the loaded area is such that a < a, let the time of arrival of

the inner hinge circle at the center be tb, so that PO(tb) = 0 and P!Ub) = Pb < 1. Then (16) and (17)
become

and

Pb = ala

(29)

(30)

which determine the time of arrival tb and the initial position Pb of the remaining mobile hinge
for subsequent deformation by Mechanism 2B. For t > tb, the velocity field is

(31)

Integration of (8) with velocity distribution (31) leads to the equations

(32)

and

(33)

governing the central plate velocity and the hinge location. The solutions of (32) and (33)
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satisfying Phase 2B initial conditions (29) and (30) are

v - [ 1-(1- 2a/3)t/Ald]3 V
- 1- (1 - 2a/3)tblAId b

and

_[1- (1- 2a/3)!JAtd]
PI - 1- (1 - 2(/3)tlAid Pb·

In (34), Vb == Vd == PdtJm and, from (29) and (30),

1099

(34)

(35)

The time of arrival tba of the hinge at the support, determined by setting PI(tba) == 1 in (34), is
given by

(36)

and the central plate velocity and deflection at this time are

and

Wba == Wd+ Vd(tb - td)+4VdtAti4
- (

4)A!3(1- 2(13)

:;; (PdtlI2m)(2A!AIB -1).

(37)

(38)

(f) Phase 3-p :;; 0, t > tba, a < a
The remaining deformation occurs by Mechanism 1, which has the velocity field of (5) as in

the loading case a > abut with initial velocity Vba of (37) and initiai oetlection Wba of (38). The
duration of motion and final central deflection are

and

w, :;; (Pdtll2m)(2(1- a)A!(1- 2(/3) - 1]

:;; (Pdtl/2m)(A(2+ 3A2~ - AI~)/2-1].

4. PRESSURE RANGES

(39)

(40)

(a) Mechanism 3
When Mechanism 3 is excited by a rectangular pulse, the stationary hinge locations are

determined by eqns (10) and (11). A smallest pressure exciting Mechanism 3 is obtained by
considering A, a pairs that produce an outer hinge circle at the support while still producing an
inner hinge circle, that is, iio>O and PI =1. Equations (10) and (11) then become

(41)

and

(42)

Equation (42) shows that the smallest pressure cases can arise only if a> ti, to ensure that
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Po> 1. Solving for A gives the required pressure parameter

(43)

where Po is the solution of (42).
Another smallest pressure stimulating Mechanism 3 is obtained by considering A, a pairs

that produce the limiting inner hinge circle at the center while still producing an outer hinge
circle, that is, Po = 0 and PI < 1. Equations (10) and (11) then become

and

PI = alii

(44)

(45)

Equation (45) shows that the smallest pressure cases can arise only if a < a. Solving for A gives
the required pressure parameter

A2B = (1 - 2a/3)/(1- 4a/3). (46)

(b) Mechanism 2A
When Mechanism 2A is excited by a rectangular pulse analysis similar to that outlined in

Section 3, shows that the location Po of the stationary hinge circle is the solution of

(47)

The smallest pressure stimulating Mechanism 2A is therefore given by (47) with Po = 0, that is,

(48)

(c) Mechanism 2B
When Mechanism 2B is excited, analysis shows that the stationary hinge circle location PI is

given by

4a/3pl = 1- (I - 2a/3)/A.

The smallest pressure is found by setting PI = I in (49) to give

AlB = (I - 2a/3)/( I - 4a/3).

(49)

(50)

(d) Mechanism I
Mechanism 1 is excited by pressures in the range I < A< AIA when a > a and the range

1<A <AlB when a <a.
The pressure parameters A2A' A2B, AlA and AlB given by (43), (46), (48) and (50) as functions

of a are shown in Fig. 5.

5. DEFLECTION RESULTS FOR MEDIUM AND LOW PRESSURES

By performing analyses like that outlined in Section 3 for high pressures, the following
central deflection formulas can be derived for medium and low pressures.

Mechanism 2A: AlA S A S A2A ii S a S I

(51)

Mechanism 2B: AIBsA SA2B OSasii

(52)
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a/PI =(3/4)[1- (1- 2a/3)/,\] =(3/4)[1- '\IB/'\(2AIB -1)].

1101

Mechanism 1: 1S AS AlA (i Sa S 1

Is,\s'\IB OSasii

WF =(Pdtl/2m )6a2(1- 2a/3)('\ -1)

=(Pdtl/2m)AIA(A -1)/(AIA -1)

=(Pdtl/2m)27('\IB -liAIB(,\ -1)/2(2'\IB -1)3. (53)

In all cases the duration of motion is given by

Figure 7 shows several central deflection curves obtained from formulas (28), (40), (51), (52)
and (53). The deflection is made dimensionless by dividing it by the quantitity Pdtl/2m, the free
flight deflection of that part of the plate under the loading at the pulse duration time td' The
static collapse pressure Ps used in the loading parameter expression A=pJps is given by (9).

6. CONCLUSIONS

The results are potentially useful as a simple design aid for reinforced concrete slabs
subjected to pulse loading. However, to establish confidence, the deflection predictions require
comparison with experimental results and finite-element code predictions.
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The basic assumption of rigid-plastic behavior in a predominantly bending response in
herently imposes a range of applicability. The importance of axial restraints in beams and radial
restraints in plates for causing a build-up of membrane forces has been stressed by Symonds
and Mentel [4], Woods [5], Jones [6] and others [7]. As an approximate guide, membrane forces
are probably important when the deflections exceed the slap thickness.
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APPENDIX
This appendix examines the assertion that the hinge circles are stationary under a constant pressure, Mechanism 3 with

moving hinge circles has the velocity field of (13). If this velocity field and a time-varying pressure is substituted in the
equation of motion (8) and spatial integration is performed, the following two differential equations are obtained

where

Iy =p(4a 3
- y)

Ii =p(4a' - z) - 12M.

y = '1
3+ '1"0 + '1'0' + '0

3

z= '1'+T1'0+'o'

1=f p(T)dT.

(AI)

(A2)

If the initial pressure is pro) = p and the initial hinge circle locations are ro and rl , giving initial valyes y and i, it follows
that

(A3)

Examination of eqn (AI) with the initial values of (A3), by Taylor series expansions about the time origin. for example,
reveals that

(I) For p pIt), the solutions are y =y and z = zIt)
(2) For p p, a constant, the solutions are y= y and z =i.

For a constant pressure p =Pd' the results y=0 and i = 0 mean that

(3,/ + 2'1'0 + 'o')fl + ('1'+ 2'1'0+ 3'o')fo 0

(2'1 + 'o)fl + (', + 2'0)fo=O.

The determinant of the coefficients of the hinge circle velocities is

and, for positive 'I and '0' i1 = 0 only if '1 ='0' Only for an ideal impulse (unit of infinite pressure times zero duration) is
'1 = '0' Hence, for a constant applied pressure, i1 ¢ 0 and the hinge circles are stationary.


